Appendix C - The Photoelectric Effect


The photoelectric effect derivation is sketched out in Section 2.  In the interest of completeness, calculational details are given in this Appendix.  The kinematic quantities
 are given in Section 2.  The transition rate, 

, is given by the Fermi “golden rule”, 
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 is the density of final momentum states and HI is the Hamiltonian of the perturbation.


The essential physics is thus contained in the matrix element. The photon is specified by the vector potential, 
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 is the incoming photon polarization vector,. The matrix, 
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 element was motivated in Section 2 and is;
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C.1


Let us evaluate the matrix element, For a hydrogen-like atom, the inner electron “sees” a charge Ze so that it is pulled in close to the nucleus, a = ao/Z.  The ground state S wave has 

 (see Appendix B).  Normalizing  

 to 1, we note that the initial electron is localized to a volume 

.  Therefore the probability density 

 goes as 1/a3 since 
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 is a differential probability in 3 dimensions.  The correctly normalized wave function is;
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C.2


When the photon energy is large, the ejected electron is quite energetic and it’s Coulomb interaction with the remaining ion can be ignored.  Hence 

 can be approximated as an outgoing plane wave, 
[image: image9.wmf])

/

(

exp

~

)

(

h

r

r

r

p

i

r

f

×

Y

.  Since 

 is a momentum eigenstate, the momentum operator has a fixed value and we can pull 
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 outside the integral.
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C.3

The integral can be obtained in a closed form in terms of the momentum transfer to the atom, 
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.  Note that if qa is large, the phase factor 
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 in the matrix element varies rapidly and destructively over the range r<a where the integrand, e-r/a, is large.  


The angular integral is easily done first.
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C.4

The radial integral involves the form of the bound state radial wave function.
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C.5


Ignoring the energy of the recoil atom, energy conservation reads, 
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.  Thus if the photon energy is well above the scale of inner electron binding energies, or 
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The controlling factor in the matrix element is qa.  Note that, 
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 as long as the ejected electrons are non-relativistic.  The momentum transferred to the atom is the momentum of the ejected electron.  In this level of approximation, we have a matrix element that has a “form factor” which leads to a cross section that is not characteristic of cross sections involving pointlike structureless systems.
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C.6


The angular distribution, in the approximation 
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, is simply a dipole due to the 
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 factor, where 

 is the angle between the incoming photon, and the outgoing electron, and a polarization average is assumed.  Thus the photoelectrons are preferentially ejected transverse to the photon direction, along the direction of the accelerating transverse electric field associated with the photon.


Integrating over the angular distribution, 
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, the cross section is derived from (, d(/d( ~ (/(
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C.7

As in our discussion of Thompson scattering (Section 10), the 

 factor in the square of matrix element is cancelled in d/d since the cross section is normalized to unit incident flux.


Since we approximate 
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, the basic behavior of 

 is to go as 

 or 

.  Note that the matrix element form factor behavior, 1/(qa)8, is softened to 1/(qa)5 by two other factors which are the 
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 dipole factor and the density of final states factor, 

.  The photon flux normalization of the cross section contributes the 

 factor.  Clearly, the resultant (1/qa)5 behavior implies, 

, that 

 goes as 

, strongly favoring high Z atoms for large photoelectric cross sections.


  The mismatch of the scale of length between the initial state (a) and the final state (1/q) means that the overlap integral in the matrix element is small.  That mismatch is minimized for high Z atoms since a ~ 1/Z.
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